Dynamical vacuum energy, holographic quintom, and the reconstruction of
  scalar-field dark energy by Zhang, Xin
ar
X
iv
:a
str
o-
ph
/0
60
96
99
v2
  1
8 
O
ct
 2
00
6
Dynamical vacuum energy, holographic quintom, and the
reconstruction of scalar-field dark energy
Xin Zhang
Institute of Theoretical Physics, Chinese Academy of Sciences, P.O.Box 2735, Beijing 100080, People’s
Republic of China
Interdisciplinary Center of Theoretical Studies, Chinese Academy of Sciences, P.O.Box 2735, Beijing
100080, People’s Republic of China
Abstract
When taking the holographic principle into account, the vacuum energy will acquire dynamical
property that its equation of state is evolving. The current available observational data imply that
the holographic vacuum energy behaves as quintom-type dark energy. We adopt the viewpoint of that
the scalar field models of dark energy are effective theories of an underlying theory of dark energy.
If we regard the scalar field model as an effective description of such a holographic vacuum theory,
we should be capable of using the scalar field model to mimic the evolving behavior of the dynamical
vacuum energy and reconstructing this scalar field model according to the fits of the observational
dataset. We find the generalized ghost condensate model is a good choice for depicting the holographic
vacuum energy since it can easily realize the quintom behavior. We thus reconstruct the function
h(φ) of the generalized ghost condensate model using the best-fit results of the observational data.
2Many cosmological experiments, such as observations of large scale structure [1], searches for type Ia
supernovae [2], and measurements of the cosmic microwave background anisotropy [3], all indicate that the
expansion of the universe is undergoing cosmic acceleration at the present time. This cosmic acceleration
is viewed as due to a mysterious dominant component, dark energy, with negative pressure. The combined
analysis of cosmological observations suggests that the universe is spatially flat, and consists of about 70%
dark energy, 30% dust matter (cold dark matter plus baryons), and negligible radiation. Although we
can affirm that the ultimate fate of the universe is determined by the feature of dark energy, the nature of
dark energy as well as its cosmological origin remain enigmatic at present. The most obvious theoretical
candidate of dark energy is the cosmological constant Λ (vacuum energy) [4, 5] which has the equation of
state w = −1. However, as is well known, there are two difficulties arise from the cosmological constant
scenario, namely the two famous cosmological constant problems — the “fine-tuning” problem and the
“cosmic coincidence” problem [6]. The fine-tuning problem asks why the vacuum energy density today
is so small compared to typical particle scales. The vacuum energy density is of order 10−47GeV4, which
appears to require the introduction of a new mass scale 14 or so orders of magnitude smaller than the
electroweak scale. The second difficulty, the cosmic coincidence problem, says “Since the energy densities
of vacuum energy and dark matter scale so differently during the expansion history of the universe, why
are they nearly equal today”? To get this coincidence, it appears that their ratio must be set to a specific,
infinitesimal value in the very early universe.
An alternative proposal for dark energy is the dynamical dark energy scenario. The cosmological
constant puzzles may be better interpreted by assuming that the vacuum energy is canceled to exactly
zero by some unknown mechanism and introducing a dark energy component with a dynamically variable
equation of state. The dynamical dark energy proposal is often realized by some scalar field mechanism
which suggest that the energy form with negative pressure is provided by a scalar field evolving down a
proper potential. Actually, this mechanism is enlightened to a great extent by the inflationary cosmology.
As we have known, the occurrence of the current accelerating expansion of the universe is not the first time
for the expansion history of the universe. There is significant observational evidence strongly supports
that the universe underwent an early inflationary epoch, over sufficiently small time scales, during which
its expansion rapidly accelerated under the driven of an “inflaton” field which had properties similar
to those of a cosmological constant. The inflaton field, to some extent, can be viewed as a kind of
dynamically evolving dark energy. Hence, the scalar field models involving a minimally coupled scalar
field are proposed, inspired by inflationary cosmology, to construct dynamically evolving models of dark
energy. The only difference between the dynamical scalar-field dark energy and the inflaton is the
energy scale they possess. So far, a host of scalar-field dark energy models have been studied, including
quintessence [7], K-essence [8], tachyon [9], phantom [10], ghost condensate [11, 12] and quintom [13]
etc.. Generically, there are two points of view on the scalar-field models of dynamical dark energy. One
viewpoint regards the scalar field as a fundamental field of the nature. The nature of dark energy is,
according to this viewpoint, completely attributed to some fundamental scalar field which is omnipresent
in supersymmetric field theories and in string/M theory. The other viewpoint supports that the scalar
field model is an effective description of an underlying theory of dark energy. On the whole, it seems
that the latter is the mainstream point of view. Since we regard the scalar field model as an effective
description of an underlying theory of dark energy, a question arises asking: What is the underlying theory
of the dark energy? Of course, hitherto, this question is far beyond our present knowledge, because that
we can not entirely understand the nature of dark energy before a complete theory of quantum gravity
is established. However, although we are lacking a quantum gravity theory today, we still can make
3some attempts to probe the nature of dark energy according to some principles of quantum gravity. The
holographic dark energy model is just an appropriate example, which is constructed in the light of the
holographic principle of quantum gravity theory. That is to say, the holographic dark energy model
possesses some significant features of an underlying theory of dark energy.
The distinctive feature of the cosmological constant or vacuum energy is that its equation of state
is always exactly equal to −1. However, when considering the requirement of the holographic principle
originating from the quantum gravity speculation, the vacuum energy will become dynamically evolving
dark energy. Actually, the dark energy problem may be in principle a problem belongs to quantum
gravity [14]. In the classical gravity theory, one can always introduce a cosmological constant to make
the dark energy density be an arbitrary value. However, a complete theory of quantum gravity should
be capable of making the property of dark energy, such as the equation of state, be determined definitely
and uniquely [14]. Currently, an interesting attempt for probing the nature of dark energy within the
framework of quantum gravity is the so-called “holographic dark energy” proposal [15, 16, 17, 18]. It is
well known that the holographic principle is an important result of the recent researches for exploring the
quantum gravity (or string theory) [19]. This principle is enlightened by investigations of the quantum
property of black holes. Simply speaking, in a quantum gravity system, the conventional local quantum
field theory will break down. The reason is rather simple: For a quantum gravity system, the conventional
local quantum field theory contains too many degrees of freedom, and such many degrees of freedom will
lead to the formation of black hole so as to break the effectiveness of the quantum field theory.
For an effective field theory in a box of size L, with UV cut-off Λc the entropy S scales extensively,
S ∼ L3Λ3c . However, the peculiar thermodynamics of black hole [20] has led Bekenstein to postulate that
the maximum entropy in a box of volume L3 behaves nonextensively, growing only as the area of the
box, i.e. there is a so-called Bekenstein entropy bound, S ≤ SBH ≡ piM2PL2. This nonextensive scaling
suggests that quantum field theory breaks down in large volume. To reconcile this breakdown with the
success of local quantum field theory in describing observed particle phenomenology, Cohen et al. [15]
proposed a more restrictive bound – the energy bound. They pointed out that in quantum field theory
a short distance (UV) cut-off is related to a long distance (IR) cut-off due to the limit set by forming a
black hole. In other words, if the quantum zero-point energy density ρde is relevant to a UV cut-off, the
total energy of the whole system with size L should not exceed the mass of a black hole of the same size,
thus we have L3ρde ≤ LM2P . This means that the maximum entropy is in order of S3/4BH . When we take
the whole universe into account, the vacuum energy related to this holographic principle [19] is viewed
as dark energy, usually dubbed holographic dark energy. The largest IR cut-off L is chosen by saturating
the inequality so that we get the holographic dark energy density
ρde = 3c
2M2PL
−2 , (1)
where c is a numerical constant, and MP ≡ 1/
√
8piG is the reduced Planck mass. Hereafter, we will use
the unit MP = 1 for convenience. If we take L as the size of the current universe, for instance the Hubble
scale H−1, then the dark energy density will be close to the observed data. However, Hsu [17] pointed
out that this yields a wrong equation of state for dark energy. Li [18] subsequently proposed that the IR
cut-off L should be taken as the size of the future event horizon
Reh(a) = a
∫
∞
t
dt′
a(t′)
= a
∫
∞
a
da′
Ha′2
. (2)
Then the problem can be solved nicely and the holographic dark energy model can thus be constructed
successfully. The holographic dark energy scenario may provide simultaneously natural solutions to both
4dark energy problems as demonstrated in Ref.[18]. The holographic dark energy model has been tested
and constrained by various astronomical observations [21, 22, 23]. For other extensive studies, see e.g.
[24].
Consider now a spatially flat FRW (Friedmann-Robertson-Walker) universe with matter component
ρm (including both baryon matter and cold dark matter) and holographic dark energy component ρde,
the Friedmann equation reads
3H2 = ρm + ρde , (3)
or equivalently,
H2
H20
= Ω0ma
−3 +Ωde
H2
H20
. (4)
Note that we always assume spatial flatness throughout this paper as motivated by inflation. Combining
the definition of the holographic dark energy (1) and the definition of the future event horizon (2), we
derive ∫
∞
a
d ln a′
Ha′
=
c
Ha
√
Ωde
. (5)
We notice that the Friedmann equation (4) implies
1
Ha
=
√
a(1− Ωde)
1
H0
√
Ω0m
. (6)
Substituting (6) into (5), one obtains the following equation
∫
∞
x
ex
′/2
√
1− Ωdedx′ = cex/2
√
1
Ωde
− 1 , (7)
where x = ln a. Then taking derivative with respect to x in both sides of the above relation, we get easily
the dynamics satisfied by the dark energy, i.e. the differential equation about the fractional density of
dark energy,
Ω′de = −(1 + z)−1Ωde(1− Ωde)
(
1 +
2
c
√
Ωde
)
, (8)
where the prime denotes the derivative with respect to the redshift z. This equation describes behavior of
the holographic dark energy completely, and it can be solved exactly [18]. From the energy conservation
equation of the dark energy, the equation of state of the dark energy can be given [18]
w = −1− 1
3
d ln ρde
d ln a
= −1
3
(1 +
2
c
√
Ωde) . (9)
Note that the formula ρde =
Ωde
1−Ωde
ρ0ma
−3 and the differential equation of Ωde (8) are used in the second
equal sign. It can be seen clearly that the equation of state of the holographic dark energy evolves
dynamically and satisfies −(1 + 2/c)/3 ≤ w ≤ −1/3 due to 0 ≤ Ωde ≤ 1. Hence, we see clearly that
when taking the holographic principle into account the vacuum energy becomes dynamically evolving
dark energy. The parameter c plays a significant role in this model. If one takes c = 1, the behavior of
the holographic dark energy will be more and more like a cosmological constant with the expansion of the
universe, such that ultimately the universe will enter the de Sitter phase in the far future. As is shown in
[18], if one puts the parameter Ω0de = 0.73 into (9), then a definite prediction of this model, w0 = −0.903,
will be given. On the other hand, if c < 1, the holographic dark energy will exhibit appealing behavior
that the equation of state crosses the “cosmological-constant boundary” (or “phantom divide”) w = −1
during the evolution. This kind of dark energy is referred to as “quintom” [13] which is slightly favored
5by current observations [25, 26]. If c > 1, the equation of state of dark energy will be always larger than
−1 such that the universe avoids entering the de Sitter phase and the Big Rip phase. Hence, we see
explicitly, the value of c is very important for the holographic dark energy model, which determines the
feature of the holographic dark energy as well as the ultimate fate of the universe.
The holographic dark energy model has been tested and constrained by various astronomical observa-
tions [21, 22, 23]. In recent works [21, 22], it has been explicitly shown that regarding the observational
data including type Ia supernovae (SN), cosmic microwave background (CMB), baryon acoustic oscilla-
tion (BAO), and the X-ray gas mass fraction of galaxy clusters (X-ray gas), the holographic dark energy
behaves like a quintom-type dark energy. This indicates that the numerical parameter c in the model is
less than 1. The main constraint results are summarized as follows:
1. Using only the SN data to constrain the holographic dark energy model, we get the fit results: c =
0.21+0.41
−0.12, Ω
0
m = 0.47
+0.06
−0.15, with the minimal chi-square corresponding to the best fit χ
2
min = 173.44
[21]. In this fitting, the 157 gold data points listed in Riess et al. [27], including 14 high redshift
SN (gold) data from the HST/GOODS program, have been used to constrain the model. For the
plot of the confidence level contours of 68%, 95% and 99% in the (c,Ω0m) plane see Fig.2 of Ref.[21].
We notice in this figure that the current SN Ia data do not strongly constrain the parameters Ω0m
and c (in 2σ), in particular c, in the considered ranges. According to the best fit result, the value
of c is significant smaller than 1, resulting in that the present equation-of-state of dark energy is
w0 = −2.64, which seems not a reasonable result. The present deceleration parameter is q0 = −1.60
and the deceleration/acceleration happens at zT = 0.27. Of course, other observations may impose
further constraints. For instance, the CMB and LSS data can provide us with useful complements
to the SN data for constraining cosmological models. It has been shown in Ref.[21] that it is very
important to find other observational quantities irrelevant to H0 as complement to SN Ia data.
Such suitable data can be found in the probes of CMB and BAO.
2. Combining the information from SN Ia [27], CMB [3] and BAO [28], the fitting for the holographic
dark energy model gives the parameter constraints in 1 σ: c = 0.81+0.23
−0.16, Ω
0
m = 0.28 ± 0.03, with
χ2min = 176.67 [21]. For the confidence contour plot see Fig.6 of Ref.[21]. We see clearly that a
great progress has been made when we perform a joint analysis of SN Ia, CMB, and BAO data.
Note that the best fit value of c is also less than 1, though in 1σ range it can slightly larger than 1.
For the SN+CMB+BAO joint analysis, according to the best fit, we derive that the deceleration
parameter q has a value of q0 = −0.61 at present. The transition from deceleration to acceleration
(q(zT ) = 0) occurs at a redshift of zT = 0.63. The equation-of-state parameter w is slightly smaller
than −1 at present, w0 = −1.03. These results look very rational, and also favor a quintom-type
holographic dark energy.
3. Although the SN+CMB+BAO joint analysis provides a fairly good constraint result for the holo-
graphic dark energy model, it is, however, necessary to test dark energy model and constrain the
parameters using as many techniques as possible. Different tests might provide different constraints
on the parameters of the model, and a comparison of results determined from different methods
allows us to make consistency checks. Therefore, the X-ray gas mass fraction of rich clusters, as a
function of redshift, has also been used to constrain the holographic dark energy model [22]. The
main results, i.e. the 1 σ fit values for c and Ω0m are: c = 0.61
+0.45
−0.21 and Ω
0
m = 0.24
+0.06
−0.05, with
the best-fit chi-square χ2min = 25.00 [22]. The plot of 1, 2 and 3 σ confidence level contours in the
(c,Ω0m) plane is shown in Fig.1 of Ref.[22]. We notice that the fit value of c is less than 1 in 1 σ
6range, though it can be slightly larger than 1. This implies that according to the fgas constraints
the holographic dark energy basically behaves as a quintom-type dark energy in 1 σ range. At
the best-fit, we derive that the equation of state of dark energy w has a value of w0 = −1.29 and
the deceleration parameter q has a value of q0 = −0.97 at present. The typical characteristic of
the quintom-type dark energy is that the equation of state can cross −1. For this case, the cross-
ing behavior (w(zC) = −1) happens at a redshift of zC = 0.62. In addition, the transition from
deceleration to acceleration (q(zT ) = 0) occurs at the redshift zT = 0.70.
4. Finally, we shall mention the results of a Monte Carlo simulation of the SNAP mission for analyzing
the holographic dark energy model. To find the expected precision of the SNAP, one must assume
a fiducial model, and then simulate the experiment assuming it as a reference model. We can use
SNAP specifications to construct mock SN catalogues. The best fit values for the model parameters
are c = 0.92 and Ω0m = 0.23, when assuming a ΛCDM model as fiducial model with Ω
0
m = 0.27
and h = 0.71. For the predicted confidence level contours in the (c,Ω0m) plane for this simulation
see Fig.9 of Ref.[21]. We notice with interest that the precision type Ia supernova observations will
still support a quintom type holographic dark energy.
On the whole, through the various observational constraints, we conclude that the parameter c is smaller
than 1 so as to make the holographic dark energy behave as a quintom-type dark energy. We refer to this
case as “holographic quintom”. In the light of the best fit results of various observational data analyses,
we plot in Fig.1 the evolutions of the equation of state of dark energy component.
0.0 0.5 1.0 1.5 2.0
-2.5
-2.0
-1.5
-1.0
-0.5
 SN
 SN+CMB+BAO
 X-ray gas
 SNAP
 
 
w
z
Figure 1: The evolutions of the equation of state of holographic dark energy. Here we use the best fit results
of the type Ia supernovae, the joint analysis of SN+CMB+BAO, the X-ray gas mass fraction of galaxy clusters,
and the Monte Carlo simulation of SNAP mission, respectively. In the concrete, c = 0.21 and Ω0m = 0.47 for SN;
c = 0.81 and Ω0m = 0.28 for SN+CMB+BAO; c = 0.61 and Ω
0
m = 0.24 for X-ray gas; c = 0.92 and Ω
0
m = 0.23 for
SNAP.
As has been analyzed above, the holographic dark energy scenario reveals the dynamical nature of
7the vacuum energy. When taking the holographic principle into account, the vacuum energy density will
evolve dynamically. In particular, the analysis of the observational data indicates that the holographic
vacuum energy is likely to behave as quintom dark energy. On the other hand, as has already mentioned,
the scalar field dark energy models are often viewed as effective description of the underlying theory
of dark energy. However, the underlying theory of dark energy can not be achieved before a complete
theory of quantum gravity is established. We can, nevertheless, speculate on the underlying theory of
dark energy by taking some principles of quantum gravity into account. The holographic dark energy
model is no doubt a tentative in this way. We are now interested in that if we assume the holographic
vacuum energy scenario as the underlying theory of dark energy, how the scalar field model can be used
to effectively describe it.
It should be pointed out that the quintom type dark energy whose equation-of-state crosses the
cosmological-constant boundary (w = −1) can not be realized by an ordinary minimally coupled scalar
field [p = X−V (φ)].∗ This transition of crossing w = −1 can occur for the Lagrangian density p(φ,X) in
which ∂p/∂X changes sign from positive to negative, but we require nonlinear terms in X to realize the
w = −1 crossing [29, 30]. It has been shown in Ref.[30] that a simple one-field model, generalized ghost
condensate, can easily realize the crossing cosmological-constant boundary. We shall use this scalar field
model to effectively describe the holographic quintom vacuum energy, and perform the reconstruction of
such a scalar model. For the reconstruction of dark energy models, see e.g. [30, 31, 32, 33, 34, 35, 36, 37].
First, let us consider the Lagrangian density of a general scalar field p(φ,X), whereX = −gµν∂µφ∂νφ/2
is the kinetic energy term. Note that p(φ,X) is a general function of φ and X , and we have used a sign
notation (−,+,+,+). Identifying the energy momentum tensor of the scalar field with that of a perfect
fluid, we can easily derive the energy density, ρde = 2XpX − p, where pX = ∂p/∂X . Thus, in a spatially
flat FRW universe, the dynamic equations for the scalar field are
3H2 = ρm + 2XpX − p, (10)
2H˙ = −ρm − 2XpX, (11)
where X = φ˙2/2 in the cosmological context. Introducing a dimensionless quantity
r ≡ H2/H20 , (12)
we find from Eqs.(10) and (11) that
p = [(1 + z)r′ − 3r]H20 , (13)
φ′2pX =
r′ − 3Ω0m(1 + z)2
r(1 + z)
, (14)
where prime denotes a derivative with respect to z. The equation of state for dark energy is given by
w =
p
φ˙2pX − p
=
(1 + z)r′ − 3r
3r − 3Ω0m(1 + z)3
. (15)
Next, if we establish a correspondence between the holographic vacuum energy and the scalar field dark
energy, we should choose a scalar field model in which crossing the cosmological-constant boundary is
∗The crossing to the phantom region (w < −1) can often be realized in terms of a two-field system with a phantom field
and an ordinary scalar field (quintessence). But in this paper, we only focus on the single-field model.
8possible. So, let us consider the generalized ghost condensate model proposed in Ref.[30], with the
Lagrangian density
p = −X + h(φ)X2, (16)
where h(φ) is a function in terms of φ. Dilatonic ghost condensate model [12] corresponds to a choice
h(φ) = ceλφ. From Eqs. (13) and (14) we obtain
φ′2 =
12r − 3(1 + z)r′ − 3Ω0m(1 + z)3
r(1 + z)2
, (17)
h(φ) =
6(2(1 + z)r′ − 6r + r(1 + z)2φ′2)
r2(1 + z)4φ′4
ρ−1c0 , (18)
where ρc0 = 3H
2
0 represents the present critical density of the universe. The generalized ghost condensate
describes the holographic vacuum energy, provided that
r =
Ω0m(1 + z)
3
1− Ωde
, (19)
r′ =
Ω0m(1 + z)
2
1− Ωde
[
3− Ωde
(
1 +
c
2
√
Ωde
)]
, (20)
where Ωde satisfies the deferential equation (8).
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Figure 2: Reconstruction of the generalized ghost condensate model according to the holographic dark energy
scenario. In this plot, we show the cases of function h(φ), in unit of ρ−1
c0
, corresponding to the best fit results of
SN, SN+CMB+BAO, X-ray gas and SNAP, respectively.
The reconstruction for h(φ) is plotted in Fig.2, using the best-fit values of c and Ω0m from the ob-
servational data analyses of SN Ia, SN+CMB+BAO, X-ray gas and SNAP (simulation), respectively.
The crossing of the cosmological-constant boundary corresponds to hX = 1/2. The system can enter the
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Figure 3: Reconstruction of the generalized ghost condensate model according to the holographic dark energy
scenario. In this plot, we show the evolutions of the scalar field φ(z), corresponding to the best fit results of SN,
SN+CMB+BAO, X-ray gas and SNAP, respectively.
phantom region (hX < 1/2) without discontinuous behavior of h and X . In addition, the evolution of the
scalar field φ(z) is also determined by the reconstruction program, see Fig.3. It should be mentioned that
the reconstruction of the generalized ghost condensate model has been carried out in Ref.[30] by using
the best-fit results of the parametrization for the Hubble parameter r(x) = Ω0mx
3 + A0 + A1x + A2x
2,
where x = 1+ z and A0 = 1−A1−A2−Ω0m, from the SN Gold dataset [25]. Our reconstruction result is
consistent with that of Ref.[30], except for the c = 0.21 case (since the SN fit result for the holographic
dark energy model is not reasonable, for details see Ref.[21]). The future high-precision observations are
expected to determine the value of c and the functional form of h(φ) more accurately.
In conclusion, we suggest in this paper a correspondence between the holographic dark energy scenario
and a scalar field dark energy model. We adopt the viewpoint of that the scalar field models of dark
energy are effective theories of an underlying theory of dark energy. The underlying theory, though
has not been achieved presently, is presumed to possess some features of a quantum gravity theory,
which can be explored speculatively by taking into account the holographic principle of quantum gravity
theory. Consequently, the vacuum energy acquires the dynamical property when imposing the holographic
principle. Moreover, the current available observational data imply that the holographic vacuum energy
behaves as quintom-type dark energy, i.e. the equation-of-state of dark energy crosses the cosmological-
constant boundary w = −1 during the evolution history. If we regard the scalar field model as an effective
description of such a theory (holographic vacuum), we should be capable of using the scalar field model to
mimic the evolving behavior of the dynamical vacuum energy and reconstructing this scalar field model
according to the fits of the observational dataset. We find the generalized ghost condensate model is a
good choice for depicting the holographic vacuum energy, since it can easily realize the quintom behavior.
We thus reconstructed the function h(φ) of the generalized ghost condensate model using the best-fit
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results of the observational data. We hope that the future high precision observations (e.g. SNAP) may
be capable of determining the fine property of the dark energy and consequently reveal some significant
features of the underlying theory of dark energy.
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